Abstract. In this paper, an improved Fourier series method is presented for vibration analysis of moderately thick annular and circular sector plates subjected to general elastic boundary conditions along its edges. In literature, annular and circular sector plates subjected to classical boundary conditions have been studied in detail however in practical engineering applications the boundary conditions are not always classical in nature. Therefore, study of vibration response of these plates subjected to general elastic boundary conditions is far needed. In the method presented, artificial boundary spring technique has been employed to simulate the general elastic boundary conditions and first order shear deformation theory has been employed to formulate the theoretical model. Irrespective of the boundary conditions, each of the displacement function is expressed as a new form of trigonometric expansion with accelerated convergence. Rayleigh-Ritz method has been employed to determine the expansion coefficients. Unlike most of the studies on vibration analysis of moderately thick annular sector plates, the present method can be universally applied to a wide range of vibration problems involving different boundary conditions, varying material and geometric properties without modifying the solution algorithms and procedure. The effectiveness, reliability and accuracy of the present method is fully demonstrated and verified by several numerical examples. Bench mark solutions for moderately thick annular sector and circular plates under general elastic boundary conditions are also presented for future computational methods.
Introduction
Annular, circular and their sector parts are key structural components that are used in various engineering fields like civil, marine, aerospace and mechanical engineering. Due to different geometrical shapes of these structures, they have been analyzed separately using different solution techniques. Most of the initial research on these plates was done using Classical plate theory (CPT) in which the shear deformation and rotary inertia was neglected which in turn limited its application on moderately thick and thick plates. Later a lot of theories were proposed incorporating the shear deformation and rotary inertia which resulted in an increase in accuracy of the results for moderately thick and thick annular and circular plates. These theories' have been well explained in Leissa's book on vibration of plates.
Different methods have been employed by various researchers to study the vibration characteristics of annular and circular plates subjected to different boundary conditions. However, a few prominent studies related to these plates are highlighted here in this manuscript. Employing the Mindlin plate theory on thick sector plates, Guruswamy et al. [1] studied the dynamic response of these plates by proposing a sector finite element. Fully clamped boundary conditions were employed on all edges. Taking the effect of shear deformation in thickness direction, another study was performed by Soni et al. [2] on axisymmetric non uniform circular disks. In their research they employed Chebyshev collocation technique to study the vibration characteristics of these plates. In another study Rayleigh-Ritz method was employed by Liew et al. on circular plates with multiple internal ring supports. Later in another study they studied the characteristics of these plates subjected to in-plane pressure [3] [4] .
Using three dimensional finite strip model, thick and thin sector plates subjected to various combinations of classical boundary condition were analyzed by Cheung et al. [5] . The integral equation technique and finite strip method was employed by Sirinivasan et al. and Misuzawa et al. respectively to study the vibration characteristics of Mindlin annular sector plates [6] [7] . Employing the Mindlin plate theory and differential quadrature method, Liu et al. studied the effect of sector angle and thickness to radius ratio on the vibration characteristics of moderately thick sector plates [8] . Later they extended the same differential quadrature method to annular sector plates having shear deformation subjected to different combinations of classical boundary conditions [9] . In another study, the same differential quadrature method was employed on solid circular plates with variable thickness in radial direction and subjected to elastic boundary conditions by Wu et al. [10] . Similarly, Xiang et al. employed domain decomposition technique and studied the vibration response of circular plates with stepped thickness variation [11] .
Using Rayleigh-Ritz method So et al. [12] studied the vibration characteristics of annular and circular plates by employing three dimensional elasticity theory. A similar three dimensional study was performed by Hashemi et al. on annular sector plates resting on elastic foundations. He employed polynomial-Ritz approach and studied the vibration characteristics for different sets of classical boundary conditions [13] . In another study similar polynomial-Ritz model was presented by Liew et al. to investigate the effect of boundary conditions and thickness on the vibration characteristics of annular plates [14] . In another prominent three dimensional study Chebyshev-Ritz technique was employed on circular and annular plates by Zhou et al. to study the vibration characteristics of these plates [15] . In plane vibrations of circular plates subjected to different boundary conditions were investigated by various researchers using different solution techniques [16] [17] From the studies mentioned above it can be seen that most of the previous studies on annular and circular plates were limited to classical boundary conditions which includes free, simply supported, clamped or combination of these. However, in practical engineering applications the boundary conditions are not always classical in nature. Therefore, the development of an analytical method universally dealing with arbitrary boundary conditions was much needed. An improved Fourier series method was developed for vibration analysis of beams and plates by Li [18] [19] [20] [21] [22] . Later Xianjie Shi et al. extended this method to thin annular plates to study its vibration characteristics [23] [24] [25] [26] . The main objective of this study is to realize and extend the same generalized Fourier series method to study the vibration analysis of Mindlin annular sector and circular sector plates under various boundary conditions including the general elastic restraints.
Theoretical formulation

Model description
Consider an annular sector plate of constant thickness ℎ, inner radius , outer radius and width in radial direction as shown in Fig. 1 . The plate geometry and dimensions are defined in the cylindrical coordinate system ( , , ). A local coordinate system ( , , ) is also shown in Fig. 1 . The radial and thickness coordinates and are measured normally from the inner edge and mid plane of the annular sector plate respectively whereas is the circumferential angle. Four sets of distributed springs (one translational and two rotational) of arbitrary stiffness values are attached at each edge to simulate arbitrary boundary conditions. All the classical sets of boundary conditions can easily be achieved by varying the stiffness value of each spring from zero to an infinitely large number i.e. 10 14 .
The domain of the annular sector plate can be defined as:
The relationship between local and global coordinate system can be expressed as:
The material of the plate is assumed to be isotropic with material density , young's modulus and Poisson ratio . It should be noted that a circular sector plate can be defined as a special case of an annular sector plate if the inner radius ' ' is set either equal to 0 or to a very small number say 0.00001.
The displacement field of Mindlin annular sector plate in cylindrical coordinates is given by:
where is the thickness coordinate, and are displacements of the mid plane in and directions, respectively, is the transverse displacement. and are the rotation functions of the middle surface and is the time. Assuming the plain stress distribution in accordance with Hooks law, the stress resultants are obtained for Mindlin annular plate by integrating the stresses as shown below:
where , and are the bending moments per unit length of the plate, and are the transverse shear forces per unit length of the plate, , are the normal stresses, and , and are the shear stresses, ℎ is the plate thickness, is the modulus of elasticity, is the shear modulus, is the Poisson ratio, = ℎ 12(1 − ) ⁄ is the flexural rigidity and = /12 is the shear correction factor to compensate for the error in assuming the constant shear stress throughout the plate thickness.
The equation of motion of Mindlin plates in ( , , ) is given by: 
Selection of admissible displacement function
Assume that the displacement field of Mindlin annular sector plate in local coordinate system ( , , ) is defined by the following series:
where:
< 0 , and = ⁄ , = ⁄ and , , denotes the Fourier series expansion coefficients. The sine terms in the equations Eq. (6) are introduced to overcome the potential discontinuities (convergence problem) of the displacement function, along the edges of the plate, when it is periodically extended and sought in the form of trigonometric series expansion. The addition of these auxiliary functions in the admissible functions plays an important role in the convergence and accuracy of the present method or in other words the elimination of potential discontinuities at the ends or elimination of Gibbs effect.
In order to illustrate this, take a beam problem for example. The governing equations for free vibration of a general supported Euler beam is obtained as:
where , and are, respectively, the flexural rigidity, the mass density and the cross sectional area of the beam, and is frequency in radian. From Eq. (7) it can be observed that the displacement solution ( ) on a beam of length is required to have up to the fourth derivatives, that is, ( ) ∈ . In general, the displacement function ( ) defined over a domain [0, ] can be expanded into a Fourier series inside the domain excluding the boundary points:
where are the expansion coefficients. From the Eq. (8), we can see that the displacement function ( ) can be viewed as a part of an even function defined over − , , as shown in Fig. 2 . Thus, the Fourier cosine series is able to correctly converge to ( ) at any point over [0, ]. However, its first-derivative ′( ) is an odd function over − , leading to a jump at end locations. The corresponding Fourier expansion of ′( ) continue on [0, ] and can be differentiated term-by-term only if (0) = ( ) = 0. Thus, its Fourier series expansion (sine series) will accordingly have a convergence problem due to the discontinuity at end points (Gibbs phenomena) when ′( ) is required to have up to the first-derivative continuity.
To overcome this problem, this Improved Fourier Series technique was proposed by Li [18, 19] . In this technique a new function ( ) is considered in the displacement function:
where the auxiliary function ( ) in equation above represents an arbitrary continuous function that, regardless of boundary conditions, is always chosen to satisfy the following equations:
The actual values of the first and third derivatives (a sine series) at the boundaries need to be determined from the given boundary conditions. Essentially, ( ) represents a residual beam function which is continuous over [0, ] and has zero slopes at the both ends, as shown in Fig. 3 .
Apparently, the cosine series representation of ( ) is able to converge correctly to the function itself and its first derivative at every point on the beam.
Thus, based on the above analysis, ( ) can be understood as a continuous function that satisfies Eq. (9), and its form is not a concern but must be a closed-form and sufficiently smooth over a domain [0, ] of the beam in order to meet the requirements provided by the continuity conditions and boundary constraints. Furthermore, it is noticeable that the auxiliary function ( ) can improve the convergent properties of Fourier series.
Determining the expansion coefficients
Once the proper admissible function for the displacement field is selected Eq. (6), the next step is to find the expansion coefficients in the assumed displacement field. In order to do so Rayleigh-Ritz method is employed which is an energy-based method. To employ this method, it is necessary to state the potential and kinetic energies first in terms of displacement fields. The expression for the potential energy of the sector plate in local coordinates ( , , ) is derived from the constitutive laws and strain-displacement relations. According to the Mindlin plate theory. The strain energy of the annular sector plates can be expressed as:
the kinetic energy expression for annular sector plate is expressed as:
The potential energy stored in the boundary springs is given by:
where , ( and ) are linear spring constants, , ( and ) are rotational spring constants in radial direction, , ( and ) are rotational spring constants in tangential direction at edges = 0 and = and = 0 and = respectively. All the classical homogeneous boundary conditions can be simply considered as special cases when the spring constants are either extremely large or substantially small. The units for the translational and rotational springs are N/m and Nm/rad, respectively.
After the potential and kinetic energies are expressed, then all the assumed displacement functions are inserted in the potential and kinetic energy equations and these equations are then further minimized with respect to the expansion coefficients in the displacement field. Mathematically, the Lagrangian for the annular sector plate can be generally expressed as:
where is strain energy of the plate, is strain energy stored in the boundary springs and is the kinetic energy of the plate. Substituting Eq. (6) in Eqs. (11)-(13) and then minimizing Lagrangian Eq. (14) against all the unknown series expansion coefficients that is:
we can obtain a series of linear algebraic expressions in a matrix form as:
where is a vector which contains all the unknown series expansion coefficients and and are the stiffness and mass matrices, respectively. , and can be expressed as: 
where the subscripts , and represents , and and the superscripts and represents plate and boundary springs respectively. For conciseness, the detailed expressions for the stiffness and mass matrices are not shown here.
Determining the eigen values and eigen vectors
Once Eq. (16) is established, the eigenvalues (or natural frequencies) and eigenvectors of Mindlin annular sector plates can now be easily and directly determined from solving a standard matrix eigenvalue problem i.e. Eq. (16) using MATLAB. For a given natural frequency, the corresponding eigenvector actually contains the series expansion coefficients which can be used to construct the physical mode shape based on Eq. (6) . Although this investigation is focused on the free vibration of Mindlin annular sector plate, the response of the annular sector plate to an applied load can be easily considered by simply including the work done by this load in the Lagrangian, eventually leading to a force term on the right side of Eq. (16).
Results and discussion
To check the accuracy and usefulness of the proposed technique, several numerical examples are presented in this section. It is important to mention here that the accuracy of the proposed method is greatly controlled by the number of truncation terms i.e. = , the more number of truncation terms we use we get more accurate results however the computational cost and time will increase with increasing number of truncation terms. Theoretically, there are infinite terms in the assumed displacement functions. However, the series is numerically truncated and finite terms are counted in actual calculations which will be further explained in the text to follow. Moreover, in identifying the boundary conditions in this section, letters C, S, and F have been used to indicate the clamped, simply supported and free boundary condition along an edge, respectively. Therefore, the boundary conditions for a plate are fully specified by using four alphabets with the first one indicating the B.C. along the first edge, = . The remaining (the second to the fourth) edges are ordered in the counterclockwise direction.
First of all, in order to check the accuracy and usefulness we first consider a fully clamped Mindlin annular sector plate. Fully clamped (CCCC) boundary conditions can easily be achieved by setting the stiffnesses of the restraining springs to an infinitely large number (10 14 ) in the numerical calculations. The first six non-dimensional frequency parameter, Ω = ( ℎ/ ) / are tabulated in Table 1 along with the reference results from [9] and [27] . Similarly, in Table 2 , first six non-dimensional frequency parameter for Mindlin annular sector plate having simply supported radial edges and clamped circumferential edges (CSCS) boundary conditions has been given along with the reference results from [9, 27] . A good agreement in the present values and reference values can be observed. Next we consider annular sector plate simply supported at radial edges and having different combination of boundary conditions (free-clamped, free-simply supported, simply supported-simply supported, simply supported-free and clamped-free) at the circumferential edges. The simply supported condition is simply produced by setting the stiffnesses of the translational and rotational springs to ∞ and 0, respectively, and the free edge condition by setting both stiffnesses to zero. The fundamental frequency parameters with different boundary conditions are shown in Table 3 . The current results agree well with those taken from references [28, 29] .
Next to illustrate the convergence and numerical stability of the current solution procedure, several sets of results for fully clamped Mindlin annular sector plates having different sector angles and using different truncation numbers ( = = 2, 4, 6, 8, 10, 12, 14) are presented in Tables 4-7 . Furthermore, the fast convergence pattern can also be observed in Fig. 4 . A fast convergence pattern can be observed in the tabulated results as well as Fig. 4 , therefore it can be concluded that sufficiently accurate results can be obtained with a small number of terms in the series expansion and the solution is consistently refined as more and more terms are included in the series expansion. From Tables 4-7 it can be seen that when the truncated numbers change from × = 10×10 to 12×12, the maximum difference of the frequency parameters does not exceed 0.003 for the worst case, which is acceptable. Furthermore, in modal analysis the natural frequencies for higher order modes tend to converge slower as compared to the lower order modes which can easily be observed in Fig. 4 that the 9th mode frequency converges slowly as compared to the 6th and 3rd mode. Thus a suitable truncation number should be used to achieve the accuracy of the largest desired natural frequency. In view of above and excellent numerical behavior of the current solution, the truncation number for all subsequent calculations in the present method is taken as = = 12.
Next we study the effect of sector angle and thickness-radius ratio and cutout ratio on non-dimensional frequency parameter. The effect has been graphically represented in Figs. 5-7, respectively. It can be seen in Fig. 5 that for smaller sector angles i.e. ≤ 2 /3, the decrease in the frequency parameters is more as compared to the sector angles greater than 2 /3. Similarly, in figure 6 , 1st, 3rd and 5th mode frequency parameters have been plotted against different thickness to radius ratios (ℎ/ ) for a fully clamped (CCCC) Mindlin annular sector plate having sector angle = 2 3 ⁄ and cutout ratio = / = 0.6. It can be observed that with the increase in thickness to radius ratio the frequency parameter always decreases. Similarly, the effect of cutout ratio i.e. inner radius to outer radius ( / ) on the frequency parameters for a FSFS mindlin annular sector plate having sector angle = /3, and ℎ/ = 0.2 can be seen in Fig. 7 .
As mentioned previously, using this method, a Mindlin circular sector plate can also be analyzed easily just by equating the inner radius of Mindlin annular sector plate to zero without modifying the equations or the solution algorithm. Table 8 shows first six non-dimensional frequency parameter along with reference results for Mindlin circular sector plates having inner radius = = 0.0001, different thickness to radius ratio and sector angles and subjected to simply supported radial edges and clamped circular edge (SCS) boundary condition respectively. A close agreement can be observed in the present values and the reference results. All the examples mentioned above are limited to different combinations of classical boundary conditions which are viewed as special case of elastically restrained edges. After verifying the convergence, accuracy and effectiveness of the proposed method for different combinations of classical boundary conditions, the method is further employed here to study the vibration characteristics of Mindlin annular sector and circular sector plates subjected to general elastic boundary conditions. In order to simulate the elastic boundary conditions, it is important to study the effect of restraining springs first on the frequency parameters so that proper value to the restraining springs could be assigned. Fig. 8 shows the effect of restraining springs stiffness on the frequency parameter for Mindlin annular sector plate ( / = 0.6, ℎ/ = 0.2 and = 120). Fig. 8 shows 1st, 5th and 10th mode frequency parameters plotted against the spring stiffnesses by varying the stiffnesses of one group of boundary spring from 0 to 10 16 while keeping the stiffnesses of the other group equal to infinite i.e 10 16 . It can be seen in Fig. 8(a) that the frequency parameter almost remains at a level when the stiffness of the translational spring in direction is less than 10 . To the author's best knowledge, no reported results are available in literature for vibration analysis of Mindlin annular sector plates under general elastic boundary conditions. As mentioned earlier the present method can be used to obtain natural frequency parameters for Mindlin annular sector plates under general elastic boundary condition regardless of modifying solution algorithm and procedure.
In order to achieve valuable results for annular sector plates subjected to elastic boundary conditions, we define an elastic restraint 'E 1 ' having corresponding translational and rotational spring stiffness values = 1e8, = 0 and = 0. Tables 9-11 shows first five natural frequency parameters for Mindlin annular sector plates having different sector angles and thickness-radius ratio (ℎ/ ) subjected to E ), the comparison has been made with results obtained from ABAQUS. However, we know that the core algorithm of the ABAQUS software is based on the finite element method. Furthermore, the FEM computational accuracy strongly depends on the size of the mesh and the type of element selection. For more accuracy in the higher frequency region and for complex geometries, a highly refined mesh and a higher order finite element is needed. We know that the smaller the mesh size, the greater the number of elements we get for analysis which further requires more computer memory and subsequently a high computational cost. Since the geometry under investigation in this manuscript is a simpler geometry therefore a simple free meshing technique with mesh size 0.005 and S4R (Shell 4 node Reduced Integration) element type has been used which is computationally inexpensive and is considered suitable for this type of geometry and modal analysis. Keeping the mesh size 0.005, the number of elements used in the analysis for annular sector plate having sector angle /3, /2, 2 /3 and are 13040, 20080, 29727 and 40240 respectively.
A very good agreement can be observed in Tables 9-11 between the calculated results and the one obtained from ABAQUS. This shows that the present method can be easily applied to classical and elastic type boundary conditions as well as their combination without modifying the solution algorithm and procedure. The results tabulated in Tables 9-11 can be used as a bench mark for future computational methods. 
Conclusion
An improved Fourier series method has been presented for vibration analysis of moderately thick annular and circular sector plates with classical and general elastic restraints along its edges. Regardless of the boundary conditions, the displacement function is invariantly expressed as an improved trigonometric series which converges uniformly at an accelerated rate. The efficiency, accuracy and reliability of the present method have been fully demonstrated by various numerical examples for moderately thick annular sector plates having different cutout ratios and sector angles. The effect of sector angle, thickness to radius ratio and restraining springs on the frequency parameters has been discussed. The present method is also employed to study the vibration analysis of moderately thick circular sector plates without modifying the solution procedure. Results for moderately thick annular sector plates under general elastic boundary conditions for various thicknesses to radius ratio and sector angle are presented which can serve as a bench mark for future computational methods. The accuracy of the results has been verified by comparing it with those available in literature and with ABAQUS. An excellent agreement is observed between the results obtained using the present method and with those available in literature. Keeping in view the accuracy and fast convergence behavior this method can easily be further extended to study the vibration analysis of various built up structures without modifying the solution algorithm and procedure. 
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